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Abstract
We investigated the effect of the angle of incidence on the quantum reflection of Bose–Einstein
condensates (BECs) from regions with rapid potential variations. The reflection process was examined
for both isotropic and anisotropic 2Ddisk-shaped BECs. In both cases, the angle of incidencewas
found to play a crucial role during reflection, inducing non-uniform atom-surface interactions and
thusmanipulating severe disruptions on the atomic cloud in the low incident velocity regime. In this
scenario, the angle of incidenceminimizes or even eliminates disruptions or fragmentation of the
atomic cloud, especially for incidence angles far from the normal incidence direction. Consequently,
anomalous reflectivity or saturation effects, which have been challenging in previous studies, can be
effectively addressed and controlled. Thesefindings provide new insights into optimizing the
quantum reflection of BECs from a solid surface, particularly regarding the enhancement of the
reflection probability of BECs from a planar silicon surface, which, since their first experiments, have
not beenmaximized due to saturation effects.

1. Introduction

Twenty years ago, Shimizu [1] pioneered quantum reflection (QR) experiments on solid surfaces using
metastable neon atoms, demonstrating that the reflection probabilityR increases as incident velocity vx
decreases, consistent with single atom theory [2, 3]. ObservingQRon a solid surface is inherently challenging
and requires atomswith extremely low energy to reach the surface, approximately ∼ kB× 10nK [4–7], which is
much lower than the incident energy needed forQRobservation on a liquid surface, i.e., ∼ kB× 10mK [8, 9],
where kB is the Boltzmann constant. This configuration indicates that achieving high reflectivity inQR
experiments on a solid surface requires a very low incident velocity vx. High reflectivity occurs under the
conditionf(k)= (1/k2)dk/dr∼ dλ/dr? 1 [1, 10], where the local wavenumber is denoted as k= 2π/λ,
depending on the de Broglie wavelength,λ, and r is the normal distance between the atomand the surface. Thus,
an ultracold atomic gas systemwith a large de Broglie wavelengthλ is considered highly effective for observing
QRon a solid surface, providing an excellent platform for studyingQRwith significant flexibility in controlling
atomicmotion [10].

Recent studies onQRusing ultracold atoms, particularly Bose–Einstein condensates (BECs), have generated
significant interest due to their potential practical applications in confining ultracold atoms [10–23]. QR
experiments with BECs on planar silicon (Si) surfaces, however, are still relatively unexplored, with theMIT
group's work being a notable exception. Their experiments revealed anomalous reflectivity, or the so-called
saturation effect, at low vx [7]. Theoretical work by Scott et al [24] attributed this effect to the role of interatomic
interactions, particularly themean-field energy Eg in driving dynamical excitations such as solitons and vortex
rings, which lead to condensate fragmentation and a subsequent decrease in reflection probabilityR at low vx
regime. Further exploration confirmed that the saturation effect inQRBECs became apparent when themean-
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field energy dominated the incident kinetic energy, Eg?Ek [25]. Despite thesefindings, enhancing the reflection
probabilityR inQR experiments remains a challenge, particularly due to the saturation effect observed at low vx.
Previous theoretical or experimental studies [7, 16, 24–31] have primarily focused on altering surface geometry,
shape, and dimensions to influenceEg andmitigate the saturation effect. For example, Pasquini et al [11] carved
pillar structures on the solid surface to reduce atom-surface interactions and enhanceQRBECs containingN
23Na atoms up to 70%.However, the saturation effect remains an unresolved issue in the low vx regime,
especially when interatomic interactions are significant. Thus, achievingmaximal enhancement ofRhas not
been attained.

In this study, we propose a novel approach to optimizingQR in BECs bymanipulating the angle of incidence
θ, an aspect that has not been thoroughly explored in previous theoretical or experimental studies.We found
that by carefully adjusting the incident angle, we canmanipulate the atom-surface interactions, thereby reducing
condensate fragmentation and enhancing the reflection probabilityR. Ourwork primarily investigates quasi-2D
23NaBECs under Casimir–Polder (CP) potential influence, as amodel of Si surface, with a detailed analysis of
the disruption dynamics and the role of incident angle inmodulating the observedQRbehavior.

This paper presents our findings onQR inBECswith varying angles of incidence θ. In section 2, we describe
our theoreticalmodel, which uses themean-field approach [32, 33], yielding thewell-knownGross–Pitaevskii
equation (GPE), where interatomic interactions are described by a nonlinear term related to the s-wave
scattering length a and the condensate density n0.We consider the BECs in a two-dimensional (2D)harmonic
trap undergoingQR from regionswith rapid potential variations.We performQR simulations using the 4th-
order Runge-Kutta (4RK)method, focusing on both isotropic and anisotropic condensates. Section 3 discusses
our simulation results, highlighting the effect of incident angle onQR and the disruption of the condensate.
Finally, we summarize ourfindings in section 4, underscoring the implications of our work for future
experimental investigations and potential applications in atomic optical devices.

2.Model

2.1. Ilustrative description
Developing the approaches of Scott et al [24] andHalif [25], wemodelQR 23NaBECs from a planar Si surface
based on the incidence angle θ in a 2D system. Themodel illustration is presented infigure 1(a).We primarily
consider BECs containing a large number of atomsN of 23Na (to increase interatomic interactions) in a
harmonic trap ( ) ( )/V x y m x y, 2 x ytrap

2 2 2 2w w= + with strong confinement in the transverse z-direction.Here,
m= 3.81× 10−26 kg is the atomicmass of 23Na, whileωx andωy are the respective trap frequencies in the x- and
y-directions. QRbased on θ ismodeled for three distinct BECswith different numbers of atomsN, denoted as
BECsA-C,with data provided in table 1. Unlike previous studies [24, 25], in addition to the isotropic case, we
also consider eachQR for anisotropic disk-shaped BECs. In the isotropic case, the 2Ddisk-shaped BECs are

Figure 1. (a) Schematic representation ofQRBECs from regions of rapid potential variations based on the angle of incidence θ. BECs
are positioned at a distanceΔx from the surface in normal incidence. θ is then adjusted such that BECs accelerate toward the
minimum trap at (0,0) and undergoQR.QR is considered for isotropic and anisotropic disk-shaped BECs.Meanwhile, (b) illustrates
the Casimir–Polder (CP)potentialVCP(x) as amodel of Si surface.
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defined by the trap frequency configuration (ωx,ωy,ωz)= 2π× (3.3, 3.3, 100)Hz,whereωx≈ωy.Meanwhile, for
anisotropic 2Ddisk-shaped BECs, they are elongated in the x-directionwhenωx=ωywith the configuration
(ωx,ωy,ωz)= 2π× (3.3, 6.6, 100)Hz. The 2Ddisk-shaped BECs are also elongated in the y-directionwith the
configuration (ωx,ωy,ωz)= 2π× (6.6, 3.3, 100)Hzorwhenωx?ωy. In this study, for the isotropic case, we have
adjusted the trap frequency values in line with previous theoretical and experimental studies ofQR 23NaBECs at
normal incidence [7, 24, 25], while for the anisotropic case, the values were set specifically for simulation
purposes.

At normal incidence, QRof interacting quasi-2DBECs occurs at θ= 90o. In this scenario, at time t= 0ms,
we displace the 23NaBECs at a distanceΔx along the x-direction from the surface. Consequently, they accelerate
towards the regionwith rapid potential energy variation, reach the point ofminimumpotential energy at (0, 0),
and then undergo reflection. Thismechanism is akin to displacing the trap by a distanceΔx from the surface
[7, 24]. However, our procedure has technically simplified the computational gridminimization. For better
understanding, we have complemented the illustrationwith a snapshot of theQRBECsmodel along the x-
direction, as shown in figure 1(b). In this study, the angle of incidence θ is formed between the center ofmass of
the BECs and the potentialminimum trap at the point (0, 0). Thus, when θ= 0o, 23Na BECs are perfectly aligned
with the surface at x= 0. This situation is undesirable for any reflection scenario, includingQR, primarily
because atom-surface interactions occur from the outset, causing severe disruptions to the atomic cloud
throughout the process. To avoid this, we limit θä (0o, 90o]. Setting the angle of incidence θ is similar to

displacing the BECs by a distance r x y2 2D = D + D from the potentialminimumpoint. However, we prefer
to refer to the values of the angle of incidence θ for practical purposes.

2.2. Reflection scenario andpotentialmodel
In this study, we considerQRof interacting quasi-2D 23NaBECs under theCasimir–Polder (CP) potentialVCP

infigure 1(b), as themodel for the Si surface [24], whose form is specified later. There are two crucial parameters
in the implementation of the atom-surface potential. First, a small offset (cut-off) δ, is introduced to prevent the
attractive CP potential from varying too rapidly near the surface, as shown by the black dashed line inVCP(x) in
figure 1(b). Second, the imaginary potential, Vim [orange dashed line infigure 1(b)], is employed tomodel the
absorption of waves transmitted through the surface. This is crucial to prevent transmittedwaves from reaching
the gridwalls [24, 25].

The total potential energy of each 23Na atom (massm) in the BECs is given byVT(x, y)=VCP(x)+Vtrap(x, y).
In this situation, BECs are entirely trapped in a harmonic potential, while the CP potential affects the BECs
according toVCP(x)=−C4/x

3(x+ 3λa/2π
2) for x< δ [figure 1(b)], whereC4= 9.1× 10−56 Jm4 and

λa= 590 nm is the effective atomic transitionwavelength [24, 34]. For x� δ, ( ) ≔ ( ) ( )V x V iV xCP CP imd d- + ,
with δ= 0.15μm,V 1.6 10 Jim

26= ´ - , andVCP(δ)≈− 10−29 J [24].

2.3. Equation, solution, and techniques
Wedetermined the dynamics of the interacting quasi-2D 23NaBECs using the 4th-order Runge-Kutta (4RK)
method [25, 35–37] to solve the time-dependent Gross–Pitaevskii equation (GPE) [38, 39]:

( ) ∣ ∣ ( )i
t m

V x y
a

m
N

2
,

4
, 1T

2
2

2
2y p

y y
¶
¶

= -  + +
 ⎡

⎣⎢
⎤
⎦⎥

where∇2 is the Laplacian inCartesian coordinates, and a= 2.8 nm is the s-wave scattering length. In the 2D
system, the interaction constant g= 4πÿ2a/m becomes g2D, whose value is specified later. For sufficiently largeN
(indicating strong interatomic interactions), the static ground state of the 2D 23NaBECs can be described by the
Thomas-Fermi (TF) limit [40], yielding the solution:

Table 1.The data for 23Na BECsA-C, showing the number of atomsN,
chemical potentialμ2D, peak density n0, andTF radiusRTF;x, i.e., the
radius of the atom cloud in the x-direction [Note: directly computed from
themodel under consideration].

BECs N μ2D(J) n0(m
−2) RTF;x;2D(μm)

A 1× 104 1.0× 10−32 5.2× 1012 35

B 1× 105 3.2× 10−32 1.6× 1013 62

C 3× 105 5.5× 10−32 2.8× 1013 82
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where ( )/n m gr0
2

2Dw p= is the 2D condensate peak density and ( ( ))/ /R g m4 rTF 2D
2 1 4p w= is the TF radius of

the 2D 23Na BECs. In this context, r x yw w w= is the average trapping frequency. The interaction strength is

given by ( )/g a ma8 z2D
2p=  , where /a mz zw=  is the confined oscillation length in z-direction. Setting

the ground state solution (4) as the initial atomicwave packet and simulating theGPE (1) based on the angle of
incidence θ, we observeQRof interacting quasi-2D 23NaBECs from a planar Si surface. Specifically, at θ= 90o

and t= 0mm/s, we displace the initial atomicwave packet by a distanceΔx= 77 μmalong the x-direction from
the surface. This value corresponds to a low incident velocity vx≈ωxΔx= 1.6mm/s when thewave packet
reaches regionswith rapid potential variation, i.e.,VCP. To obtain other velocities along the x-direction up to
3.0mm/s, wemultiply the initial wave function by a phase factor ( ) ( )x ikxexpf = , where k=mvi/ÿ is thewave
number corresponding to the initial velocity ( )v v xi f x

2 2 2w= - D , and vf refers to the final velocity, i.e., the
velocity when the atom reaches the surface [25]. Asmentioned in Sub-section 2.1, we can adjust the trap
displacement to obtain specific incident velocities [7, 24]. However, once again, our technical procedures have
facilitatedminimizing computational grids.

We determined the reflection probabilityR as the integral of the probability density of thewave function

over x< 0: ∣ ( )∣R x y t dxdy, , s
0 2ò y=

-¥
, where ts is the time at the end of the simulation after the reflection

process is completed. For practical purposes, we only computeRwith respect to the incident velocity along the
x-direction, vx. This is specifically done to compare the results with previous theoretical and experimental
studies under normal incidence [7, 24, 25]. SinceVim has provided absorption of waves transmitted through the
surface [see Sub-section 2.2], we decided to focus solely on the reflection probabilityR. Following the same
technical procedure, we observe theQRof interacting quasi-2D 23NaBECs for various angles of incidence
θä [15o, 90o]. These incidence angles have been adjusted so that atom-surface interaction do not occur initially
(before collision). Once again, we performQR simulations for three distinct interacting quasi-2D 23NaBECs
[table 1], each for both isotropic and anisotropic cases.

3. Results and discussion

3.1. Initial groundstate of BECs
Figure 2(a)-(i) shows the initial ground-state atomic density profiles of isotropic and anisotropic 2Ddisk-shaped
BECs in the x-y plane. For both isotropic and anisotropic cases, stronger interatomic interactions (largerN
values) result in amore significant atomic cloud size for each 2Ddisk-shaped BEC. Simultaneously, BECswith
larger atomic cloud sizes exhibit higher peak densities, as indicated by all BECC infigure 2(c), (f), and (i) in this
case. The conversion fromdimensionless scale units in the figures is given by ˜ /ni nia Nx

2= , where i refers to
BECsA-C, ni is the peak density, ax is the oscillation length in the x-direction, andN is the number of atoms. The
significance of peak density alongwith the increase in atomic cloud size for largerN is a commonphenomenon
and can be easily verified throughmanual calculations related to the relationship between n0 and the TF radius in
the x-direction,RTF;x, as provided in table 1. For deeper understanding, figure 2(g)-(i) shows that anisotropic
quasi-2D disk-shaped BECs elongated in the x-direction exhibit a larger atomic cloud size and higher peak
density compared to isotropic BECs [figures 2(a)-(c)]. Conversely, when the anisotropic quasi-2D disk-shaped
BECs are elongated in the y-direction, figures 2(d)-(f) shows smaller peak densities and atomic cloud sizes, being
the smallest among the two previous cases. This configuration corresponds to the trap frequency settings we
previously established [see section 2.1], with its consequences onQRdescribed later. The results of our study on
the initial ground-state atomic density [figures 2(a)-(i)] are consistent with and confirmprevious theoretical
studies [24, 25] and experimental studies [7, 11] for 23NaBECs at normal incidence. Additionally, this study
provides new insights into the characteristics of anisotropic ground-state BECs and their impact onQR,which
will be discussed further later.

3.2.Quantum reflection at normal incidence
After understanding the ground state of each BEC, both for isotropic and anisotropic cases, we then investigated
theQRof quasi-2D 23NaBECs interacting with a planar Si surface at normal incidence, θ= 90o. Figure 3(a)-(c)
depicts images of the 2Ddisk-shaped BECs (isotropic and anisotropic) before (t= 0ms), during (t= 41ms), and
after (t= 63ms) the collisionwith the planar Si surface (CPpotential). Following Scott et al [24], strong
interatomic interactions are an important feature duringQR and crucial to study in enhancingQR at low
incident velocities vx [see section 1]. Therefore, this phenomenonwasfirst observed for BECC,which has strong
interatomic interactions, at low incident velocity (vx= 1.0mm/s) and high incident velocity (vx= 3.0mm/s).
The corresponding incident velocity values refer to the displacement of BECCbyΔx= 48 μmandΔx= 145 μm
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from the planar Si surface [see Subsection 2.3]. Based onfigure 3(a)-(c), we can clearly observe the significant
disruption of the atomic cloud duringQRof the isotropic and anisotropic 2Ddisk-shaped BECC, especially at
vx= 1.0mm/s, which ismore pronounced compared to vx= 3.0mm/s. The significant disruption of the atomic
cloud at low vx duringQR is fundamentally supported by the strong interatomic interactions (largerN values)
exhibited by BECC in this case, which alignswith and confirms the previous theoretical studies given in Refs.
[24, 25]. It is important to note that during theQRBECs from the surface, when approximately half of the
condensate has been reflected, a superposition of the incident and reflectedwaves is formed. This causes
periodicmodulation in the density profile [see figure 3 during collision (t= 41ms)]. Due to the strong
interatomic potential energy in BECC compared to their collision kinetic energyEk, the high density at the peak
of the standingwave causes atoms to be pushed out perpendicular to the x-direction, thereby transferring
momentum to the y-direction. This results in the formation of significantly disturbed solitons until after
reflection due to dynamical excitation at low vx. The disturbed soliton formation indicates atomic cloud
fragmentation in theQR,which appearsmore controlled at higher velocities. Consequently, anomalous

Figure 2.The initial ground state atomdensity of 23Na BECs in the x-y plane, respectively for the three 2Ddisk-shaped BECs: BECsA
(First column), BECs B (Second column), and BECsC (Third column), with corresponding parameters in table 1. (a)-(c) isotropic
disk-shaped BECs, (d)-(f) anisotropic disk-shaped BECs elongated in the y-direction, and (g)-(i) anisotropic disk-shaped BECs
elongated in the x-direction.Horizontal arrows indicate the size of BECs along the longitudinal x-direction, i.e., lx. Inset scale bars
show the scale of the dimensionless unit of density ñi, where i=A, B, C is the index of BECsA-C.

Figure 3. (dark red= high density) in the x− y plane showingQRof isotropic (a), anisotropic elongated in y-direction (b), and
anisotropic elongated in x-direction (c) 23Na BECsC from aplanar Si surface in normal incidence, θ= 900, with incident speed
vx= 1.0mm/s (upper plots) and vx= 3.0mm/s (lower plots). From left to right represent BECs before (t= 0ms), during (t= 41ms),
and after collision (t= 63ms). The red arrows indicate the direction of BECs that undergoQR.
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phenomena occur at low vx but not at high vx. This study in the 2D systemprovides new insights into how
condensate fragmentation arises fromdynamical excitation, leading to saturation effects, as next illustrated by
the drop inR infigure 4.Unlike previous studies [24], ourfindings demonstrate fragmentation in the formof
disturbed solitons, whichwe suspect to be quantum fluctuations of solitons and recommend for further
exploration in the future.

Further consequences of the atomic cloud disruption at low vx include saturation effects or anomalous
reflectivity, whichwe subsequently demonstrate infigure 4. Before that,figure 3(a)-(c) also shows that the
disruption of the atomic cloud at low vx becomesmore apparentwhen the anisotropic BECC is elongated along
the x-direction [Figure 3(c)] compared to the isotropic BECC [figure 3(a)]. This is due to the larger atomic cloud
size, which is valid and now shows the clear consequences of the BEC configurationwe previously discussed in
figure 2.Minimal disruption of the atomic cloud for all cases occurs when the anisotropic BECC is elongated
along the y-direction [figure 3(b)]due to the smaller atomic cloud size. Before the collision (t= 0ms), BECC is in
its ground state for all cases, as previously discussed infigure 2.

Figure 4 further illustrates the relationship between the reflection probabilityR and the incident velocity vx
ofQR interacting quasi-2D 23Na BECs at normal incidence, θ= 90o, respectively for isotropic and anisotropic
2Ddisk-shaped BECs (BECsA-C) under the influence of theVCP potential. Figure 4(a) shows that isotropic 2D
disk-shaped BECs experience a decrease in reflection probabilityRwith increasing interatomic interactions (or
increasingN); themost significant decrease occurs for BECsC in this case. At the same time, stronger
interatomic interactions appear to allow anomalous behavior ofR at low vx [figure 4(a)], whereR is expected to
increase with decreasing vx forQRon solid surfaces [1]. Based onfigure 4(a), the anomalous behavior ofR inQR
from the planar Si surface (underVCP) is shownby BECs B at vxä [1.6, 1.8]mm/s and BECsC at vxä [1.6, 2.4]
mm/s in this case. The phenomenon of the saturation effect inQRof 23NaBECs found in this isotropic case
appears to alignwith studies in Refs. [7, 24, 25].

In contrast to previous studies [24, 25], we have illustrated theQRof interacting quasi-2D 23Na BECs
elongated in the x- and y-directions (anisotropic) under the influence ofVCP at normal incidence (θ= 90o). After
calculating the reflection probabilityR against the incident velocity vx, it appears that the saturation effect or
anomalous behavior ofR in the low vx regime is somewhat suppressedwhen all 2D disk-shaped BECs are
elongated in the y-direction, as depicted infigure 4(b). Conversely, figure 4(c) depicts themore significant
anomalous behavior ofRwhen 2Ddisk-shaped BECs are elongated in the x-direction. This alignswith the BEC
configurationswe discussed earlier in figure 2, with clear consequences for atomic cloud disturbance in
figure 3(b)-(c). Although quasi-2D anisotropic BECs elongated in the y-direction result inminimal saturation
effects in the low vx regime [figure 4(c)-(d)], the saturation effect is not completely eliminated. This is especially
true for BECsC, given the substantial size of the atomic cloud [figure 2(f)], which still shows disturbances in the
atomic cloud [figure 3(b)]. The saturation effect for BECsCoccurs at vxä [1.6, 2.0]mm/s as shown in
figure 4(b). Effective control over the anomalous behavior ofR in this configuration is demonstrated by BECsA
andB [Figure 4(b)] due to the smaller atomic cloud size [figure 2]. Of course, the strong disturbance in the
condensate atomic cloud along the x-direction increases and becomes very significantwhen the quasi-2D
anisotropic BECs are set to elongate in the x-direction, as previously shown infigure 3(c) forQRof BECsC from
the planar Si surface. In this third configuration, the saturation effect of BECs B andC appearsmore pronounced
[Figure 4(c)] compared to previousQR studies [figure 4(a)-(b)]. For BECs B, the anomalous behavior ofR is now
observed at vxä [1.6, 2.2]mm/s.Meanwhile, vxä [1.6, 2.6]mm/s is the regime that shows the anomalous
behavior ofR for BECsC, as shown infigure 4(c). Based onQR simulation results at normal incidence, θ= 90o,
we conclude that, in principle, the saturation effect can bemanipulated by adjusting the configuration of
anisotropic 2Ddisk-shaped BECs or, in technical terms, adjusting the trap frequency configuration. This is

Figure 4.Reflection probabilityR versus incident velocity vx ofQR from the Si planar surface of interacting quasi-2D 23Na BECs at
θ= 90o (normal incidence)under the influence of CP potentialVCP for cases: (a) isotropic BECs (ωx≈ωy), (b) anisotropic BECs
elongated in the y-direction (ωx?ωy), and (c) anisotropic BECs elongated in the x-direction (ωx=ωy). [Note: all simulations are
conducted for three distinct interacting quasi-2D 23NaBECs, i.e., BECsA-C, with the number of atomsN specified as given in table 1].
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highly relevant for cases involving relatively weaker interatomic interactions. EnhancedQR still requires strong
interatomic interactions [11], and in this study, we proposeQRbased on the incident angle θ.

3.3.Quantum reflection based on angle of incidence
In this section, we presentQRof interacting quasi-2D 23Na BECs based on the variation of the incident angle,
θä [15o, 90o]. At normal incidence, θ= 90o, strong interatomic interactions (largerN) are known to cause
significant disruption to the atomic cloud, leading to clear saturation effects or anomalous behavior ofR at low
velocities vx [figures 3–4]. Therefore, as afirst investigation, we examinedQRof BECCon a planar Si surface at
an angle of incidence far fromnormal direction, θ= 15o. Figure 5(a)-(c)displays images of the 2Ddisk-shaped
BECC (isotropic and anisotropic) before (t= 0ms), during (t= 41ms), and after (t= 63ms) collisionwith the
planar Si surface at θ= 15o and vx= 1.0mm/s.

The angle of incidence θ clearly plays a crucial role in controlling the disruption of the atomic cloud.
Although disruption occurs in all configurations [figure 5(a)-(c)], it appears to bemore controlled in the x-
direction, where the condensate tends to concentrate towards the center ofmass due to irregularities in that
direction. For clearer comparisonwithQR at normal incidence (θ= 90o) [figure 3(a)-(c)], figure 5(a)-(c) shows
that the disruption for angles far fromnormal incidence (θ= 15o) is relatively weaker along the x-direction. This
is because θ induces a non-uniform atom cloud distribution at theminimumpotential, leading to non-uniform
collisions. Consequently, there is a release of non-uniformmeanfield energy of the BECs, and the incident
kinetic energy becomesmore dominant than themeanfield energy, Eg<Ek [further confirmed infigure 7(a)-
(b)]. This results in the reduction of saturation effects, allowing the reflection probability to follow the curve of
non-interacting BECs [25] or single-atombehavior [1], as further illustrated infigure 6. This phenomenon
highlights the importance of the incident angle θ in regulating the dynamic properties associatedwith atomic
collisions in the BEC system and provides deep insight into how geometry and initial conditions can affect the
system's response to collisions, such as non-uniform atom-surface interactions. Therefore, this implies that
consideringQRof BECs based on the incident angle θ could be an alternative optimization forQR, leading us
towards predictionsmade by quantummechanics [1].

Figure 6(a1)-(c1) illustrates the relationship between the reflection probabilityR and the incident velocity vx
ofQR interacting quasi-2D 23Na BECs for the isotropic case based on the variation of the incident angle,
θä [15o, 90o]. Due to relatively weaker interatomic interactions, QRof BECAdoes not exhibit anomalous
behavior in the low vx regime [Figure 6(a1)], consistent with our previous discussion [figure 4(a)]. In this
scenario, the incident angle θ appears to enhance the reflection probabilityR. Infigure 6(a1), the significant role
of θ is not yet clearly evident, as indicated by the overlapping line graphs ofR against vx. The clear role of θ in
enhancingR in the isotropic case is further demonstrated by BECs B andC [figure 6(b1)-(c1)], even restoring the
saturation effect or anomalous behavior ofR at low vx for angles relatively far fromnormal direction, specifically

Figure 5. (dark red= high density) in the x− y plane showingQRof isotropic (a), anisotropic elongated in y-direction (b), and
anisotropic elongated in x-direction (c) 23Na BECsC from aplanar Si surface in angle of incidence θ= 150with incident speed
vx= 1.0mm/s. From left to right represent BECs before (t= 0ms), during (t= 41ms), and after collision (t= 63ms). The red
arrows indicate the direction of BECs that undergoQRand the horizontal bar shows spatial scale.
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when θ= 15o in this case. Figure 6(b1) shows the relationship betweenR and vx fromQRof BECB in the
isotropic case based on the incident angle θunder the influence ofVCP. As the incident angle varies,
θä [15o, 90o],figure 6(b1) shows amore significant increase inR (with decreasing vx)whenQRof BECB starts
from an angle far fromnormal incidence (θ→ 15o). In this situation, the saturation effect or anomalous
behavior ofR in the low vx regime appears to bemitigated and even eliminated for smaller θ, specifically when
θ= 15o in this case [figure 6(b1)]. Further control over the saturation effect or anomalous behavior ofR at low vx
is thenmore clearly demonstrated byQRof BECC [figure 6(c1)]. BECC, aswe understand, has amuch larger
atomic cloud size compared to the other twoBECs under consideration [figure 2]. The incident angle θ then
offersmanipulation of the collision, uneven atom-surface interactions, which in turn results in controlled
disruption in the condensate atomic cloud in the low vx regime, as previously shown in figure 5(a) for isotropic
QRof BECC from a planar Si surface at θ= 15o. Therefore, it is important to note that the saturation effect or
anomalous behavior ofR inQR fromquasi-2DBECswith very strong interatomic interactions can be optimally
mitigated and even eliminated by the incident angle, as in the case ofQR of BECC at θ= 15o shown in this study
[figure 6(c1)].

In this study, we also show the influence of the incident angle θ onQRof interacting quasi-2D 23NaBECs in
the anisotropic case under the actual potential from a planar Si surfacemodeled byVCP, as shown infigure 6(a2)-
(c2) andfigure 6(a3)-(c3). Figure 6(a2)-(c2) illustrates the relationship between the reflection probabilityR and
the incident velocity vx of the 2Ddisk-shaped BEC elongated in the y-direction. At θ= 90o, all phenomena
return to normal incidence [as previously discussed infigure 4(b)]. At the same time, figure 6(a2)-(c2) shows that
the saturation effect or anomalous behavior ofR in the low vx regime can bemitigated and even eliminated,
specifically under conditions of incident angles relatively far fromnormal incidence, θ= 15o in this case. Now,
the role of the incident angle θ becomesmore evident, offering better control over the saturation effect at low vx,
evenmore so than has been achieved by configuring the 2Ddisk-shaped BEC elongated in the y-direction at
normal incidence [see the comparison of simulation results provided infigure 4(b) andfigure 6(a2)-(c2)].
Furthermore, whenwe arrange the configuration of the 2Ddisk-shaped BECs elongated in the x-direction,
disruption effects on the condensate atom cloud along the x-direction becomemore significant [see again
figure 3(c)], and the angle of incidence (θ= 15o) can still control these disruptions figure 5(c)], which in turn
provides optimal control over saturation effects. Anomalous behavior ofR in the low vx regime is completely
overcome and disappears in this third configuration, as shown infigure 6(a3)-(c3). Based on ourfindings in this
study, we assess that by consideringQRBECs based on the angle of incidence θ, we can achieve good agreement
withwhat has been predicted by quantummechanics in single-atom theory, where the reflection probabilityR
monotonically increases with decreasing incident velocity vx [1]. In this study, the angle of incidence θ is found to
manipulate atom-surface interactions, leading to control of saturation effects. Based on our calculations, we can
enhanceQR 23NaBECswith strong interatomic interactions (such as BECsC in this study) based on an angle of

Figure 6.Reflection probabilityR versus incident velocity vx forQRof interacting quasi-2D 23NaBECs from a Si planar surface under
the influence of CPpotentialVCP for incidence angles: θ= 90o, θ= 75o, θ= 60o, θ= 45o, θ= 30o, and θ= 15o. (a1)-(c1) isotropic BECs
(ωx≈ωy), (a2)-(c2) anisotropic BECs elongated in the y-direction (ωx?ωy), and (a3)-(c3) anisotropic BECs elongated in the x-
direction (ωx=ωy) [Note: all simulations were performed for three distinct interacting quasi-2D 23Na BECs, i.e., BECsA-C, with the
number of atomsN for each BECs specified as given in table 1].
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incidence around 8.68% for isotropic BECs, 3.30% for anisotropic BECs elongated in the y-direction, and
17.10% for anisotropic BECs elongated in the x-direction, respectively calculated based on themaximum
increase in reflection probability achieved by angles of incidence fromnormal incidence. Thus, if the latest
experiments have been able to achieve aQR enhancement of 70% at normal incidence [11], then following the
significantfigures offered by the angles of incidence above could lead us to the nextmaximal achievement.
Therefore, we propose new experiments related toQRBECs based on the angle of incidence θ in the future,
especially to realize its practical applications.

3.4.Meanfield energy, incident kinetic energy, and spread ofmatter-wave condensate
To conclude the discussion, we investigate the relationship between the incident kinetic energyEk and themean-
field energyEg duringQRof quasi-2D 23NaBECs. These quantities are derived from theGross–Pitaevskii
equation (GPE) as defined in section 2.3. The kinetic energy of the condensate is associatedwith the spatial
variation of thewavefunction, which corresponds to the Laplacian term in theGPE. The total kinetic energy is
given by [32]:

∣ ( )∣ ( )E
m

dr r
2

, 3k

2
2ò y= 



whereψ(r) is the condensate's wavefunction, and ∇ψ(r) is the gradient of thewavefunction. This term reflects
the energy resulting from the spatial gradients of thewavefunction.Meanwhile, Themean-field energy arises
from the interatomic interactions, represented by the nonlinear term in theGPE. The totalmean-field energy is
given by [32]:

∣ ( )∣ ( )E g dr r, 4g
4ò y=

where g a

m

4 2

= p is the interaction strength, and a is the s-wave scattering length as defined in section 2.3. This
term captures the energy due to the interactions between atoms in the condensate.

These two energies,Ek andEg, determine the energy profile of the system and influence the behavior of the
condensate duringQR. As shown infigure 7, the relativemagnitudes of these energies affect the reflection
dynamics of the BEC. At low velocities, themean-field energyEg dominates, leading to saturation effects, while
at higher velocities, the kinetic energyEk becomesmore significant. Figure 7(a) illustrates the relationship
between the incident kinetic energyEk (black dotted line) and themean-field energy Eg for BECsA, B, andC
duringQR at θ= 90o. The saturation effects at normal incidence can be attributed to the dominance ofEg overEk
in the low velocity range, as observed in the velocity range vxä [0.0, 2.4]mm/s. This behavior is consistent with
the results shown infigure 4, where saturation effects aremore pronounced in BECCdue to stronger

Figure 7. Incident kinetic energyEk of
23NaBEC versus incident velocity vx (black dotted line) and incidentmean-field energy for

BECs A, B, andC (respectivelymarked by blue, green, and red horizontal lines) at: (a) θ= 90o and (b) θ= 15o. Density profiles of the
matter wave condensates along the x-direction duringQR, successively from top to bottom for BECsA, B, andC at: (c) θ= 90o and (d)
θ= 15o.
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interatomic interactions. In contrast, when the angle of incidence is set to θ= 15o, as shown infigure 7(b), the
kinetic energy Ek dominates for all BECs in the low velocity range, as the angle of incidence alters the
condensate's spatial distribution. This shift in the dominance ofEk over Eg reduces the saturation effects in the
low vx regime, as seen infigure 4.

The density profiles ofmatter-wave condensates along the x-direction duringQR are depicted infigure 7(c)-
(d). These profiles qualitatively validate our findings, showing significant spreading of thematter-wave density
during atom-surface interactions. Notably, BECC exhibits themost pronounced spreading due to stronger
interatomic interactions (largerN) and dominant Eg. This supports our conclusion that saturation effects arise
primarily fromEg, and theirmitigation is effectively controlled by the angle of incidence θ. Our results alignwith
earlier studies on the dominance ofmean-field energy inQR-induced saturation effects [24, 25]. Furthermore,
we highlight the novel observation of condensatematter-wave density spreading duringQR,which has not been
reported in prior works. This qualitative evidence strengthens the interpretation that θ offers a robust
mechanism to control saturation effects, particularly in strongly interacting systems.

4. Summary

Wehave explored the phenomenon ofQR interacting quasi-2D 23Na BECs from the planar Si surface based on
the angle of incidence θ, focusing on three distinct BECswith different numbers of atomsN, labeled as BECs
A-C.QR interacting quasi-2D 23NaBECsweremodeled using CPpotential as a planar Si surfacemodel. Both
isotropic and anisotropic 2Ddisk-shaped BECswere considered.We found that the incidence angle θ plays a
crucial role in inducing non-uniform atom-surface interactions, which in turnminimizes and even eliminates
the anomalous reflectivity at low incident velocities, known as the saturation effect. These findings provide new
insights into enhancing the reflection probabilityR in the study ofQRBECs from solid surfaces, which has not
beenmaximally achieved due to saturation effects since the first experiments [11]. Achieving a high reflection
probabilityR could lead to the construction of new atomic optical devices, such asmirrors and cavities, without
requiringmagnetic or opticalfields [41–45]. Additionally, QRBECs have practical potential as a universal
mechanism for confining ultracold atoms [20–23]. Therefore, we propose new experiments related toQRBECs
based on the angle of incidence θ in the future.

In this study, we found that the saturation effect can beminimized by adjusting the trap frequency so that the
2Ddisk-shaped BECs become anisotropic, elongating perpendicular to the reflection direction (the y-direction
in our case). However, this approach cannot completely eliminate the saturation effect in the low incident
velocity regime. In contrast, the angle of incidence θ can optimally overcome the saturation effect in this regime,
evenwhen severe disruptions occur in the condensate atom cloudwith a 2Ddisk-shaped BEC elongating in the
x-direction or parallel to the reflection direction. Therefore, the angle of incidence is crucial in optimizingQR.
Besides controlling the saturation effect to enhance the reflection probabilityR, this study also shows that the
saturation effect inQRBECs occurs due to the dominance ofmean-field energy over incident kinetic energy,
clarifying previous interpretations. Ourfindings are relevant to the broader community, especially those
studying Bose–Einstein condensates and their applications.
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