
 
Journal of Advanced Research in Applied Mechanics 129, Issue 1 (2025) 105-121 

 

105 
 

 

Journal of Advanced Research in      
Applied Mechanics 

 

Journal homepage: 
https://semarakilmu.com.my/journals/index.php/appl_mech/index 

ISSN: 2289-7895 

 

A Comparative Study of Numerical Modelling and Analysis for Large 
Articulated Pendulums 

 
Siti Fatimah Azzahra Ahmad Noh1,*, Mohamad Ezral Baharudin1, Mohd Zakimi Zakaria1, Mohd Sazli 
Saad1, Azuwir Mohd Noor1 
 

1 Faculty of Mechanical Engineering Technology, Pauh Putra Campus, Universiti Malaysia Perlis, 02600 Arau, Perlis, Malaysia 
  

ARTICLE INFO ABSTRACT 

Article history: 
Received 20 October 2024 
Received in revised form 21 November 2024 
Accepted 28 November 2024 
Available online 30 December 2024 

In this article, we present a large system of multiple pendulums, also articulated 
pendulums, with twenty pendulums as a multibody model. The main objective of the 
study is to compare the computational time efficiency of two multibody formulations: 
the augmented Lagrangian and the recursive method for each articulated system. The 
equations of motion were derived for each formulation and the fourth- and fifth-order 
Runge-Kutta methods were utilised to solve for the equations by representing the 
kinematics and dynamics of the systems numerically. The computational times that 
corresponded to the manipulated step size and tolerance were compared for both 
formulations. The results showed that the augmented Lagrangian formulation had a 
significant divergence towards the negative y-axis at tolerance 0.1s for all modified 
step sizes. The animations also demonstrated elongation for specific pendulums based 
on the step size selection at a tolerance 0.1s. The recursive method, on the other hand, 
produced the best-fit plots and stable results for all xy-position and velocity-time plots 
for each adjusted step size and tolerance. Therefore, the recursive method is 
concluded to be more efficient than the augmented Lagrangian formulation in solving 
large open-loop multibody systems. 
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1. Introduction 
 

A simple pendulum is usually made up of a small weight or bob suspended from a fixed point by 
a thin string [1]. Displacing the pendulum's position from its equilibrium will cause it to sway back 
and forth about the point. Recent studies by Bondada et al., [2] mentioned that the literature on 
mechanical pendulums has been studied for years, from a simple linear pendulum to complex 
nonlinear pendulum systems such as multiple pendulums [3] and inverted pendulums [4]. The 
dynamics of the pendulum systems have been applied in various applications such as cranes [5,6], 
humanoid robots [4,7], energy harvester [8-10] and many more [11].  

For this work, we extended the pendulum system into twenty articulated pendulums to represent 
a multibody model [12]. In general, a multibody system is a study of interconnected rigid or flexible 
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bodies through joints [13-15]. According to Mahbouba et al., [16]. The pendulum is a very useful tool 
for expressing body motion and understanding its equation and finding the solution was therefore 
required to predict their movement over time and depend on the various initial conditions. As shown 
in Figure 1, a number of articulated pendulums, n are linked together through joints, with a length of 
the pendulums, l. The joints in articulated bodies have numerous degrees of freedom (DOF) and 
constraints length or angle [17]. A minimum of two active DOFs are usually included in articulated 
bodies to attain spatial capabilities [18]. 

 

 
Fig. 1. Illustration of nth articulated pendulums 

 
 By assuming an equal distribution of mass, m along the articulated pendulum's length, l, each 

body's centre of mass is positioned at its midpoint, with a moment of inertia, I= ml2/12. The angle, 
θn between each arm and the vertical axis is taken as generalized coordinates to describe the 
system’s configuration as shown in Figure 2. 
 

 
Fig. 2. System configuration of nth articulated pendulums 

 

l 
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The suspension point of the first pendulum serves as the origin of the coordinate system. By 
assuming the position of the first pendulum's centre of mass such that: 
 
𝑥𝑥1 = 𝑙𝑙1

2
𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃1                   (1) 

 
𝑦𝑦1 = 𝑙𝑙1

2
𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃1               (2) 

 
The positions in the horizontal and vertical directions are represented by the variables x and y, 

respectively. Subsequently, the position of the second pendulum's centre of mass can further be 
defined as: 
 
𝑥𝑥2 = 𝑙𝑙2

2
𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃2 + 𝑙𝑙1𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃1            (3) 

 
𝑦𝑦2 = 𝑙𝑙2

2
𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃2 + 𝑙𝑙1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃1            (4) 

 
The remaining equations for n=3 until n=20 in the articulated system can further be determined 

by the same mathematical patterns. Since the system is constrained, the equations of motion were 
derived based on two well-known multibody formulations, that are the augmented Lagrangian and 
fully recursive method to compare their computational efficiency in the large open-loop system. The 
efficiency comparison between these two formulations may provide valuable insights into their 
computational capabilities and relative effectiveness for further research in multibody dynamics 
system [15,19] . 
 
2. Multibody Formulations 

 
In the study of multibody system, the kinematics of the system need to be determined before the 

equations of motion can be developed. There are two methods to describe the kinematics of the 
multibody system; the global formulation and the topological method. The coordinates of the bodies 
are described with respect to the global frame of reference in the global formulation and the position 
of the bodies will be based on the preceding body frame of reference in the topological method [20]. 

  
2.1 Kinematics 

 
In multibody systems, the bodies connected by joints are governed by constraints on the 

particles. These constraints are often easiest to describe when they are set in the coordinate system 
of the body frame of reference. In Figure 3, the global frame of reference coordinates is positioned 
at the same point as body A, with both sets of axes parallel to each other. As the particle P is attached 
to the body A, the body's frame of reference coordinates, (𝐗𝐗�𝟏𝟏, 𝐗𝐗�𝟐𝟐) are also fixed to the body and 
move with it. The components 𝒖𝒖�𝟏𝟏 and 𝒖𝒖�𝟐𝟐, which are parallel to the body frame of the reference 
coordinate axis, make up the vector 𝐮𝐮� which reflects the position of particle P in the body reference 
coordinates. The vector 𝐫𝐫𝑷𝑷, on the other hand, specifies where the particle P is located in the global 
frame of reference coordinates. 
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Fig. 3. The body and global frame of reference 
coordinates of A 

 
By referring to the global frame of reference coordinates, the following expression can be used 

to describe the particle's position: 
 

𝐫𝐫𝑃𝑃 = 𝐮𝐮� = �𝑢𝑢�1 
𝑢𝑢�2
�             (5) 

 
Following this, a vector R was used to move the body frame of reference coordinates, which 

changed the particle P's position vector 𝐫𝐫𝑃𝑃 to what is shown in the diagram: 
 

𝐫𝐫𝑃𝑃 = 𝐑𝐑 + 𝐮𝐮� = �𝑅𝑅1𝑅𝑅2
� + �𝑢𝑢�1𝑢𝑢�2

�            (6) 

 
The equation 𝒓𝒓𝑃𝑃 = 𝐑𝐑 + 𝐮𝐮� is no longer adequate to represent the location of particle P if the body 

frame of reference coordinates is both moved by the vector R and rotated by an angle θ. As a result, 
the vector 𝐮𝐮� must be defined in terms of the global frame of reference coordinates to determine the 
position of particle P. As shown in Figure 4, the component 𝑢𝑢�1 has 𝑎𝑎1 projection on the global frame 
of reference axis X1, while the component 𝑢𝑢�2 has 𝑎𝑎2 projection on the global frame of reference axis 
X1. 
 

 
Fig. 4. The vector 𝒖𝒖� in a global frame of reference 
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The vector u is expressed such that:  
 

�
𝑢𝑢1
𝑢𝑢2��
𝐮𝐮

= �
𝑎𝑎1 − 𝑎𝑎2
𝑏𝑏1 + 𝑏𝑏2� = �𝑢𝑢�1 cos(𝜃𝜃) − 𝑢𝑢�2 sin(𝜃𝜃)

𝑢𝑢�1 sin(𝜃𝜃) + 𝑢𝑢�2 cos(𝜃𝜃)� = �cos(𝜃𝜃)  − sin(𝜃𝜃)
sin(𝜃𝜃) cos(𝜃𝜃) ��������������

𝐀𝐀

�𝑢𝑢�1𝑢𝑢�2
��

𝐮𝐮�

      (7) 

 
The rotation matrix is referred to as matrix A. The position of particle P can be defined by the 

following expression by including the translation of the body frame of reference coordinates R: 
 

�
𝑟𝑟1
𝑟𝑟2��
𝐫𝐫

= �𝑅𝑅1𝑅𝑅2
��

𝐑𝐑

+ �𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃)  −𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)
𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃) ����������������

𝐀𝐀

�𝑢𝑢1���𝑢𝑢2���
��

𝐮𝐮�

= �𝑅𝑅1𝑅𝑅2
��

𝐑𝐑

+ �
𝑢𝑢1
𝑢𝑢2��
𝐮𝐮

        (8) 

 
2.1.1. Equations of motion 

 
The principle of virtual work is frequently used in the development of equations of motion. The 

dynamic equilibrium can be reached in an unconstrained system by: 
 
𝛿𝛿𝑊𝑊𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝛿𝛿𝑊𝑊𝑒𝑒𝑒𝑒𝑒𝑒              (9) 
 
whereby 𝛿𝛿𝑊𝑊𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is the virtual work of the inertial forces and 𝛿𝛿𝑊𝑊𝑒𝑒𝑒𝑒𝑒𝑒 is the external applied forces. This 
comprises the accumulation of externally imposed forces as well as the inertia's virtual work. 
 
𝛿𝛿𝑊𝑊𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝛿𝛿𝒒𝒒 ⋅ (𝐌𝐌𝐪̈𝐪 − 𝐐𝐐𝒗𝒗)                      (10) 
 
𝛿𝛿𝑊𝑊𝑒𝑒𝑒𝑒𝑒𝑒 = 𝛿𝛿𝒒𝒒 ⋅ 𝐐𝐐𝒆𝒆                       (11) 
 

From above, the mass matrix is denoted as M, the generalized coordinates as 𝐪̈𝐪, the vector of 
quadratic velocity vector as 𝐐𝐐𝒗𝒗 and the vector of the generalized force of the multibody system as 
𝐐𝐐𝒆𝒆. Equalizing the Eq. (10) and Eq. (11), the equations became: 
 
𝛿𝛿𝒒𝒒 ⋅ (𝐌𝐌𝐪̈𝐪 − 𝐐𝐐𝒗𝒗 − 𝐐𝐐𝒆𝒆) = 𝟎𝟎                      (12) 

 
Since the system's constraints are ignored, (𝐌𝐌𝐪̈𝐪 − 𝐐𝐐𝒗𝒗 − 𝐐𝐐𝒆𝒆) cannot be equal to zero. Thus, the 

equations of motion must contain the constraints to reach for the dynamic equilibrium in the use of 
multibody. 
 
2.1.2 Lagrange multiplier method 

 
The constraint vector, 𝚽𝚽 which contains the constraint equations and can be integrated into the 

equations of motion in a multibody system. The number of constraint equations, 𝑛𝑛𝑐𝑐  in the vector of 
constraints is less or equal to the number of generalized coordinates, 𝑛𝑛𝑔𝑔. Hence, the following 
equation must be satisfied to satisfy the relationships between the constraint equations and 
generalized coordinates [21]: 
 
𝚽𝚽 (𝐪𝐪, 𝑡𝑡) = 𝟎𝟎                         (13) 
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where t is time. Nonetheless, the Lagrange multiplier approach entails a set of multipliers, 𝛌𝛌 in the 
constraints of the equations of motion [22]. The reaction forces due to the constraints are connected 
to the vector of Lagrange multipliers, such that: 
 
𝐌𝐌𝐪̈𝐪 − 𝐐𝐐𝑒𝑒 − 𝐐𝐐𝑣𝑣 + 𝚽𝚽𝐪𝐪

T𝛌𝛌 = 𝟎𝟎                      (14) 
 
The Jacobian matrix of the constraints is symbolized by 𝚽𝚽𝐪𝐪. Hence, the equations of motion can 

be transformed into a matrix from Eq. (13) and Eq. (14) as follows: 
 

�
𝐌𝐌 𝚽𝚽𝐪𝐪

T

𝚽𝚽𝐪𝐪 𝟎𝟎 � �𝐪̈𝐪
𝛌𝛌
� = �𝐐𝐐𝑒𝑒 + 𝐐𝐐𝑣𝑣

𝐐𝐐𝑐𝑐
�                        (15) 

 
The constraints are expressed in terms of acceleration constraints in Eq. (15), where the 

acceleration vectors 𝐪̈𝐪 and Lagrange multipliers 𝛌𝛌 are still unknown. To get more understanding of 
Lagrange multipliers, Figure 5 illustrates the values of four Lagrange multipliers representing 
constraints applied at two joints of a double pendulum in both the x and y axes. The x-axis shows the 
time steps of the simulation, while the y-axis indicates the values of the Lagrange multipliers. 
Different coloured lines correspond to the multipliers for each constraint. Notable peaks and troughs 
indicate significant constraint forces at specific times, suggesting critical moments in the pendulum's 
motion, such as changes in direction or collisions. 

 

 
Fig. 5. Illustrative example of Lagrange multiplier values for double pendulums 

 
Lagrange multipliers are essential in multibody dynamics for enforcing constraints without 

altering the equations of motion directly. In a double pendulum system, these multipliers ensure the 
lengths of the pendulum rods remain constant and the joints move correctly. By incorporating these 
constraints systematically, Lagrange multipliers maintain the physical accuracy and numerical 
stability of the simulation. This method allows for precise adherence to the system's constraints, 
leading to more reliable and accurate modelling of complex mechanical systems like the double 
pendulum. 

The constant components of the constraint equations will vanish when they are differentiated 
twice over time. Therefore, to fulfil the constraint equations at a certain time, this value must be 
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identified as described by Eq. (13). A constraint stabilization method, such as penalty and augmented 
Lagrangian formulation, can be used to resolve this problem. 
 
2.1.3 Penalty formulation 

 
The penalty method introduces penalty terms into the equations of motion,  

 
𝐌𝐌𝐪̈𝐪 = 𝐐𝐐𝑒𝑒 + 𝐐𝐐𝑣𝑣 − 𝛂𝛂𝚽𝚽𝐪𝐪

T(𝚽̈𝚽 + 2𝛏𝛏𝛚𝛚n𝚽̇𝚽 + 𝛚𝛚𝑛𝑛
2𝚽𝚽)                   (16) 

 
where 𝛂𝛂, 𝛚𝛚𝑛𝑛 and 𝛏𝛏 are diagonal matrices containing the values of penalty factor, natural frequencies 
and damping ratios, respectively, at each constraint condition. When penalty value 𝛂𝛂 is set to large, 
it will ensure the constraints within tight tolerances but might lead to numerical problems. The value 
selection for 𝛏𝛏 and 𝛚𝛚𝑛𝑛 can be varied as no general procedures are available to determine their values. 
Therefore, this approach may produce inconsequential results in certain cases. 
 
2.1.4 Augmented Lagrangian relaxation method 

 
The augmented Lagrangian method was developed to overcome the drawbacks of the penalty 

method and the Lagrange multiplier method [19]. As mentioned earlier, large penalty values will 
converge the constraints within a tight tolerance while it may lead to numerical illness and round-off 
error. In the augmented Lagrangian method, an iterative procedure was introduced to account for 
the constraints in the equations of motion [23]. In this method, Eq. (16) may turn to augmented by 
adding the Lagrange multipliers. The equations of motion can be written as: 
 
𝐌𝐌𝐪̈𝐪 + 𝚽𝚽𝐪𝐪

T𝛌𝛌 = 𝐐𝐐𝑒𝑒 + 𝐐𝐐𝑣𝑣 − 𝛂𝛂𝚽𝚽𝐪𝐪
T(𝚽̈𝚽 + 2𝛏𝛏𝛚𝛚𝑛𝑛𝚽̇𝚽 + 𝛚𝛚𝑛𝑛

2𝚽𝚽)                  (17) 
 
where 𝛌𝛌 is the Lagrange multiplier governing the new stable equation. As the Lagrange multipliers 
are steady enough to impose the constraints in the equations, the numerical value of the penalty 
coefficient does not need to be large. In this method, Lagrange multipliers are not assumed as 
unknowns but computed through an iterative process as: 
 
𝛌𝛌𝑘𝑘+1 = 𝛌𝛌𝑘𝑘 − 𝛂𝛂(𝚽̈𝚽 + 2𝛏𝛏𝛚𝛚𝑛𝑛𝚽̇𝚽 + 𝛚𝛚𝑛𝑛

2𝚽𝚽)𝑘𝑘+1                    (18) 
𝑘𝑘 = 0,1,2, … 
 
where subscript 𝑘𝑘 is the iteration number and the initial 𝛌𝛌0 = 0. As the iterative solution solves the 
Lagrange multipliers, the augmented Lagrangian formulation leads to a system of ordinary 
differential equations without additional unknowns. The system of equations of motion, including 
the iterative scheme, can be written in the form of index-1 as follows: 
 
(𝐌𝐌 + 𝛂𝛂𝚽𝚽𝐪𝐪

T𝚽𝚽𝐪𝐪)𝐪̈𝐪𝑘𝑘+1 = 𝐌𝐌𝐪̈𝐪𝑘𝑘 + 𝚽𝚽𝐪𝐪
T𝛂𝛂(𝚽𝚽𝐪𝐪𝑡𝑡𝐪̇𝐪 + 𝚽𝚽𝑡𝑡𝑡𝑡 + 2𝛏𝛏𝛚𝛚𝑛𝑛𝚽̇𝚽 + 𝛚𝛚𝑛𝑛

2𝚽𝚽)                (19) 
 
where for the initial iteration 𝐌𝐌𝐪̈𝐪𝑘𝑘=0 = 𝐐𝐐𝑒𝑒 + 𝐐𝐐𝑣𝑣. The iterative process is repeated until the setting 
tolerance 𝜀𝜀 meets the form 
 
‖𝐪̈𝐪𝑖𝑖+1 − 𝐪̈𝐪𝑖𝑖‖ = 𝜀𝜀                       (20) 

 



Journal of Advanced Research in Applied Mechanics 
Volume 129, Issue 1 (2025) 105-121 

 

112 
 

As this procedure involves an iteration loop, it may lead to extra computing time. The procedure 
is normally implemented by employing Newton-Raphson iteration method. A major advantage of 
using this approach is that the penalty factor values are no longer critical because they are treated 
by the Lagrange multipliers. 
 
2.1.5 Sparsity in the equations of motion 

 
Matrix W, vector x and vector b are the three main vector-matrix structures that are typically 

used to solve the linear equations of motion. The matrix representation of the equation of motion 
using Lagrange multipliers is as follows: 
 

�
𝐌𝐌 𝚽𝚽𝐪𝐪

T

𝚽𝚽𝐪𝐪 𝟎𝟎 �
�������

𝐖𝐖

�𝐪̈𝐪
𝛌𝛌
��

𝐱𝐱

= �𝐐𝐐𝑒𝑒 − 𝐐𝐐𝑣𝑣
𝐐𝐐𝑐𝑐

��������
𝐛𝐛

                      (21) 

 
It is essential to account for the sparsity of matrix W in real-time when solving for 𝐪̈𝐪 and 𝛌𝛌. The 

mass matrix M and the Jacobian matrix of constraints 𝚽𝚽𝐪𝐪 typically have sparse qualities, as in Eq. 
(21). The dimension of matrix M may differ significantly between a planar and a spatial model. The 
total mass matrix for n bodies in a spatial model, where the mass matrix is diagonally oriented, is as 
follows: 
 

𝐌𝐌𝑖𝑖 = �𝑚𝑚𝑖𝑖𝐈𝐈 𝟎𝟎
𝟎𝟎 𝐉𝐉𝑖𝑖

�
6×6

 ,  M= diag[𝐌𝐌1,𝐌𝐌2, … ,𝐌𝐌n]6𝑛𝑛×6𝑛𝑛                  (22) 

 
It is possible to observe the sparsity of the Jacobian matrix of constraints 𝚽𝚽𝐪𝐪 = ℝ𝑛𝑛𝑐𝑐×𝑛𝑛𝑔𝑔 . 

Moreover, two interconnected bodies are used to express the constrained joint equation. The 
number of constraint equations will rise to 5n𝑟𝑟 as the number of revolute joints n𝑟𝑟 in the system 
rises. A large-scale restricted system will consequently have a sparse and asymmetric Jacobian 
matrix. The augmented matrix, W, will end up being incredibly sparse and symmetric despite the 
connection of the mass matrix, M, with the Jacobian matrix, 𝚽𝚽𝐪𝐪 and their arrangement in matrix form 
as given in Eq. (21). 
 
2.2 Recursive Formulation 

 
For the relative coordinates between articulated bodies connected by joints, recursive 

formulation can create kinematic attributes such as position, virtual displacement, velocity and 
acceleration. The decreased dimensionality and degree of freedom of the system are often referred 
to as the dynamics of the recursive formulation. Figure 6 shows the technique of backward and 
forward motion in the recursive formulation in order to provide required elements for the equations 
of motion. 
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Fig. 6. Backward and forward movement approach 

 
2.2.1 Kinematics  

 
When building the system matrix and solving the equations of motion in the kinematics of the 

recursive formulation, the relative motion between constraints and nearby bodies is needed [24]. As 
in Figure 7, the basic arrangement of two interconnected bodies is indicated by a joint. 
 

 
Fig. 7. Relationship of contiguous bodies 

 
The body reference frame on the body 𝐵𝐵0 is sequentially translated to the body 𝐵𝐵𝑛𝑛 in order to 

acquire the orientation depicted in Figure 7 above. With point 0 acting as the global reference frame, 
the collection of bodies can be visualized as an open-loop chain. Below is the description of each 
body's relative kinematic position in a global reference frame: 
 
𝒓𝒓𝑛𝑛 = 𝒓𝒓𝑛𝑛−1 + 𝐀𝐀𝑛𝑛−1𝒖𝒖�𝑛𝑛                       (23) 
 
where 𝐀𝐀𝑛𝑛−1 is the three-dimensional absolute rotation matrix from the previous body, B𝑛𝑛−1 and 
𝒖𝒖𝑛𝑛 = [𝑥𝑥𝑛𝑛𝑦𝑦𝑛𝑛𝑧𝑧𝑛𝑛]𝑇𝑇 is the body, B𝑛𝑛’s relative position vector with respect to the previous body, B𝑛𝑛−1 
describing 𝒓𝒓𝑛𝑛 relative to point 0. The absolute rotation matrix 𝐀𝐀𝑛𝑛−1 is recognized as a multiplication 
of an n-body series whereby 
 

𝐀𝐀𝑛𝑛−1
∗ = �

cos(𝜃𝜃𝑛𝑛−1) − sin(𝜃𝜃𝑛𝑛−1) 0
sin(𝜃𝜃𝑛𝑛−1) cos(𝜃𝜃𝑛𝑛−1) 0

0 0 1
�

�������������������
𝑧𝑧−𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

                    (24) 

 
The time derivative of Eq. (23) can be used to calculate joint velocity such that 
 

 𝑣𝑣𝑛𝑛 = 𝒓̇𝒓𝑛𝑛                        (25) 
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The relative angular velocity of the body B𝑛𝑛 with regard to the body B𝑛𝑛−1 is given by angular 
velocity, 𝜔𝜔𝑛𝑛. The function of joint relative coordinate 𝑞𝑞𝑛𝑛 and joint relative velocity, 𝒒̇𝒒𝑛𝑛, denoted by 
𝜔𝜔𝑛𝑛 can be expressed as follows: 
 
𝜔𝜔𝑛𝑛 = 𝜔𝜔𝑛𝑛−1 + 𝑩𝑩𝑛𝑛𝒒̇𝒒𝑛𝑛                       (26) 

 
𝑩𝑩𝑛𝑛 is the unit vector of the joint rotational axis whereas 𝑩𝑩𝑛𝑛 = [0 0 1]𝑇𝑇 as shown in Figure 5. By 

merging 𝑣𝑣𝑛𝑛 and 𝜔𝜔𝑛𝑛 into one form, the velocity relationship between the bodies can be calculated.  
 

�𝒓̇𝒓𝑛𝑛𝜔𝜔𝑛𝑛
� = � I −𝒖𝒖��𝑛𝑛

0 I
� �𝒓̇𝒓𝑛𝑛−1𝜔𝜔𝑛𝑛−1

� + �𝑯𝑯𝑛𝑛
𝑩𝑩𝑛𝑛

� 𝒒̇𝒒𝑛𝑛                    (27) 

 
To express the total velocity, Eq. (27) can be compressed to the extent such that,   

 
𝐕𝐕𝒏𝒏 = 𝐂𝐂𝒏𝒏𝐕𝐕𝒏𝒏−𝟏𝟏 + 𝑺𝑺𝒏𝒏𝒒̇𝒒𝒏𝒏                                 (28) 

 
Also, the acceleration of each body can be formed by applying second time derivative of Eq. (28). 

  
𝐖𝐖𝑛𝑛 = 𝐂𝐂𝑛𝑛𝐖𝐖𝑛𝑛−1 + 𝑺𝑺𝑛𝑛𝒒̈𝒒 + 𝐃𝐃𝑛𝑛                        (29) 
 
where 𝐃𝐃𝑛𝑛 = 𝑺̇𝑺𝑛𝑛𝒒̇𝒒𝑛𝑛. 
 
2.2.2 Dynamics 

 
Following to the kinematics of the elementary contiguous bodies, the equation of motion for rigid 

body system can be constructed. Since the total inertia and force in an open loop system can be 
expressed as  
 
∑ 𝑴𝑴𝑖𝑖𝑾𝑾𝑖𝑖 − 𝑸𝑸𝑖𝑖 + ⋯+𝑛𝑛
𝑖𝑖=0 (𝑴𝑴𝑛𝑛−2𝑾𝑾𝑛𝑛−2 − 𝑸𝑸𝑛𝑛−2) + (𝑴𝑴𝑛𝑛−1

∗ 𝑾𝑾𝑛𝑛−1 − 𝑸𝑸𝑛𝑛−1
∗ ) = 0                                       (30) 

 
whereby 𝐌𝐌𝑛𝑛−1

∗  is the sum of mass matrices of bodies 𝐁𝐁𝑛𝑛−1 and 𝐁𝐁𝑛𝑛,  
 
𝑴𝑴𝑛𝑛−1

∗ = 𝑴𝑴𝑛𝑛−1 + 𝑪𝑪𝑛𝑛𝑇𝑇𝑴𝑴𝑛𝑛𝑪𝑪𝑛𝑛 − 𝑪𝑪𝑛𝑛𝑇𝑇𝑴𝑴𝑛𝑛𝑪𝑪𝑛𝑛𝑼𝑼𝑛𝑛
−1𝑺𝑺𝑛𝑛𝑇𝑇𝑴𝑴𝑛𝑛𝑪𝑪𝑛𝑛                   (31) 

 
and 𝐐𝐐𝑛𝑛−1

∗  is the total inertia force matrices at bodies 𝐁𝐁𝑛𝑛−1 and 𝐁𝐁𝑛𝑛, 
 
𝑸𝑸𝑛𝑛−1
∗ = 𝑸𝑸𝑛𝑛−1 − 𝑪𝑪𝑛𝑛𝑇𝑇(𝑴𝑴𝑛𝑛�𝑺𝑺𝑛𝑛𝑼𝑼𝑛𝑛

−1𝑺𝑺𝑛𝑛𝑇𝑇(𝑸𝑸𝑛𝑛 −𝑴𝑴𝑛𝑛𝑫𝑫𝑛𝑛) + 𝑫𝑫𝑛𝑛� − 𝑸𝑸𝑛𝑛)                 (32) 
 
By repeating the above approach from body 𝐁𝐁𝑛𝑛−1 to B0, the base of the equation of motion can 

be determined such that, 
 
𝐌𝐌0𝐖𝐖0 − 𝐐𝐐0 = 0                       (33) 

 
However, if there is no constraint applied to the base body, B0, therefore, 

 
𝐌𝐌0𝐖𝐖0 = −𝐐𝐐0                         (34) 
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2.2.3 Algorithm 
 
For an open-loop system, a general description of the algorithm that produces the equation of 

motion is given by Figure 8 below: 
 

 
Fig. 8. General algorithm for equations of motion 

 
Following to the last step, the time integration can be used to calculate the relative coordinates. 

From the position, rn-1 and velocity, vn-1 of the preceding adjacent body Bn-1, one may determine the 
position, rn and velocity, vn of the body, Bn. In summary, adopting the recursive formulation for 
dynamic analysis gives two substantial computing benefits: establishing a small set of differential 
equations and a simple numerical approach for solving the dynamic equations. Nevertheless, the 
recursive formulation has one disadvantage, though: the dynamic equations are represented in terms 
of a group of joint variables that are reliant on the multibody system's topological structure. 
 
3. Numerical Solution 

 
In this study, a MATLAB function based on an explicit Runge-Kutta of Eq. (4) and Eq. (5) specifically 

the Dormand-Prince pair known as ODE45 is used for solving ordinary differential equations (ODEs). 
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It mainly focuses on balancing accuracy with computational efficiency hence suitable for complex 
dynamic systems. In the case of numerical analysis of multibody dynamics like double pendulums 
with Lagrange multipliers and semi-recursive methods, ODE45 uses a set system of ODEs that include 
equations of motion and constraints and has initial conditions like positions, velocities and state 
variables. In general, the following equation can be handled by the ODE45 solver: 
 
𝑑𝑑𝒙𝒙
𝑑𝑑𝑑𝑑

= 𝒇𝒇(𝑡𝑡,𝒙𝒙), 𝒙𝒙(𝒕𝒕𝟎𝟎) = 𝒙𝒙𝟎𝟎                      (35) 
 
where t is the independent variable, 𝒙𝒙 is a vector of dependent variables to be found and 𝒇𝒇(𝑡𝑡,𝒙𝒙) is a 
function of t and 𝒙𝒙. The mathematical can be solved by setting the 𝒇𝒇(𝑡𝑡,𝒙𝒙) and the initial 
conditions, 𝒙𝒙 = 𝒙𝒙0 at time 𝑡𝑡0 is known.  

The iteration process in ODE45 starts by computing an initial step size which is based on local 
error estimates from the Dormand-Prince method. For every iteration, ODE45 does several sub-steps 
such as calculating intermediate values of dependent variables using Runge-Kutta coefficients, 
combining these intermediate values to estimate the solution at the end of the step and estimating 
local errors by comparing fourth-order solutions with fifth-order accurate solutions. This error 
estimation determines how much to adjust the step size. If this error exceeds or equals a given 
tolerance value then one reduces the step size while recalculating this current step. On the other 
side, if the error is much smaller, then step size increases resulting in better computational efficiency. 
This dynamic step control ensures that the solver maintains accuracy without performing any useless 
calculations hence makes it an efficient tool for handling stiff or complex systems. 

The ODE45 solver occasionally generates results that are unnecessary or unexpected. Hence, it is 
essential to properly manage both relative and absolute error control tolerances in order to 
generate precise numerical results. Absolute tolerance (AbsTol) refers to the smallest value of the ith 
solution component that is judged superfluous, whereas relative tolerance (RelTol) assesses the error 
in respect to the size of each component of the solution. RelTol guarantees that the entire 
component of the solution has a certain number of correct digits, except for those that are less 
accurate than the AbsTol thresholds, which by default are set at 0.001 or an accuracy of 0.1%. When 
the solution is close to zero, the accuracy is governed by the absolute tolerances. 

The ODE45 iteratively solves the coupled equations of motion and constraints in the context of 
multibody dynamics with Lagrange multipliers. The adjustment of Lagrange multipliers by the solver 
ensures that constraints are satisfied at each time level. ODE45 achieves constraint enforcement 
without loss of numerical stability by updating variables with each timestep and repeating this 
process until the entire time interval is covered. For double pendulum type problems that have rapid 
changes in motion, adaptive step size control implemented by ODE45 provides a solution method 
capable of producing accurate and efficient simulations for such systems. The ODE45 solver is 
suitable as an alternative for any non-stiff equation as it can balance the accuracy and computational 
cost [25]. The fourth order of the Runge-Kutta method is widely used as it can be easily tolerated 
with changing step sizes, ∆𝑡𝑡 [26]. 

  
4. Results and Discussion 

 
In this work, the articulated pendulum made up of twenty pendulums was examined in order to 

compare for their mathematical formulations and numerical techniques. A desktop Asus PC with an 
Intel Core i5-4200U CPU running at 1.60 GHz and 2.30 GHz was used to conduct the whole analysis. 
A representation of the simulated twenty articulated pendulum is shown in Figure 9. 
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Fig. 9. Twenty articulated pendulums 

 
The fourth and fifth-order Runge-Kutta method was used to integrate the equations of motion 

while regulating the step size and both RelTol and AbsTol tolerance. The numerical calculations were 
carried out using the ode45 solver. With a maximum solution time of 5 seconds, the computation 
times for both formulations were recorded. The results are shown in Table 1. 
 

Table 1  
Tolerance and step size of recursive and augmented 
Lagrangian comparison 
Tolerance (s) Step size (s) Computing time (s) 

Recursive Augmented Lagrangian 
 
0.1 

0.1 4.74 6.65 
0.01 4.57 6.83 
0.001 4.67 7.34 
0.0001 5.96 10.07 

 
0.01 

0.1 7.02 6.83 
0.01 7.04 6.65 
0.001 7.06 7.11 
0.0001 9.13 10.16 

 
0.001 

0.1 7.19 6.42 
0.01 6.85 6.09 
0.001 6.84 6.68 
0.0001 9.05 9.75 

 
0.0001 

0.1 9.85 7.93 
0.01 10.59 7.57 
0.001 10.59 8.61 
0.0001 11.65 10.72 

 
The recursive method outperforms the augmented Lagrangian method in terms of computing 

time when the tolerance is set at 0.1s, as in Figure 10. Both numerical techniques achieved significant 
findings at tolerances of 0.01s and 0.001s. The augmented method however computes faster than 
the recursive method when the tolerance approaches 0.0001s. The recursive formulation should be 
more computationally efficient since it needed less processing time for dynamic simulations [27]. 
This might be caused by the augmented formulation's separability of the mass matrix from the ode 
function makes the simulation compute faster than the recursive formulation. 
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Fig. 10. Computing time vs step size for recursive and augmented Lagrangian method 

 
In Figure 11, the augmented Lagrangian method's xy-position shows a noticeable tilt towards the 

vertical axis at tolerance 0.1s, but the other tolerances show a stable result at a constant step size. 
On the other hand, the xy-position of the recursive method shows a significant pattern and results 
for all stepsizes and regulated tolerances. While the rest of the data show optimal animation at any 
stepsize, the animation of the xy-position of the augmented Lagrangian technique exhibits an 
unstable motion, with elongation occurring at a specific number of pendulums when the tolerance is 
set to 0.1s. The recursive technique, however, produces a clear and stable animation for any step 
size and tolerance. 

 

 
Fig. 11. Position of end tips of pendulum 20th at step size 0.1s 
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At all controlled step sizes of 0.1s, 0.01s, 0.001s and 0.0001s shown in Figure 12, the augmented 
Lagrangian showed unstable motions at a tolerance of 0.1s, in terms of velocity-time graph. The 
graph, however, started to resemble reliable result when the tolerance was lowered to 0.01s at any 
controlled step size. In contrast, the velocity-time graphs showed a little variation for recursive at a 
tolerance of 0.1s at any step size. However, as the tolerance tightened to 0.0001s, the patterns in the 
graphs gradually stabilized and significant. 
 

 
Fig. 12. Velocity-time graph at step size=0.01s 

 
We have previously examined the computational time efficiency of the two formulations by 

varying the step size specified in Noh et al., [28] over a number of pendulums, n = 2, 4, 8, 16, 20 and 
40. The pendulums' performances were assessed with a maximum simulation time of 5 seconds and 
a constant tolerance of 0.01s. Taking the findings for step size 0.0001s, as shown in Table 2, the 
augmented Lagrangian computed faster than the recursive formulation for a lesser number of 
pendulums at n = 2, 4, 8 and 16. The recursive formulation, however, performed better in computing 
time than the augmented Lagrangian when we increased the number of pendulums to 20 and 40. 
This discovery validates and coincides with our present findings. 
 

Table 2 
Variability of pendulum’s number vs formulations 
No. of Pendulum Formulations 

Augmented Lagrangian Recursive 
2 2.4622 2.4636 
4 2.6025 3.1051 
8 3.5003 4.3666 
16 7.0528 7.7205 
20 10.0302 9.6861 
40 32.6064 26.4762 

 
5. Conclusion 

 
The objective of the study was to examine the computation times of the augmented Lagrangian 

and recursive formulations based on the modified step size and tolerance in handling huge matrices. 
The step size and tolerance were controlled, as described in Table 1, to see for any differences in the 
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articulated systems for both formulations despite of the computing time results. The results showed 
that the augmented Lagrangian formulation presented a considerable negative y-axis deflection 
when the tolerance was set at 0.1s at any step size. Moreover, an elongation appeared at certain 
pendulums reflecting unusual and inconsistency in the animation patterns at step size 0.1s. The 
recursive formulation, however, showed a better fit for all xy-positions and velocity-time graphs. 
Consequently, it may be concluded that the recursive formulation is more effective than the 
augmented Lagrangian formulation in solving for large open-loop articulated systems. 
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